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ABSTRACT
We present an exact thick domain wall solution with naked sin-
gularities to ve dimensional gravity coupled with a scalar eld
with exponential potential. In our solution we found exactly
the special coecient of the exponent as coming from compact-
ication of string theory with cosmological constant. We show
that this solution is self-tuning when a 3-brane is included. In
searching for solution with horizon we found a similar exact so-
lution with ne-tuned exponent coecient with an integration
constant. Failed to nd a solution with horizon we prove the
non-existence of horizons. These naked singularities actually
can’t be resolved by horizon. We also comment on the physical




After the Randall-Sundurm (RS) [1, 2] suggestion of a new compactica-
tion to conne gravity to four-dimensions, there is an explosive activity of
studying various generalizations. One possible application of the RS scenario
is to solve the cosmological constant problem which is the key obstacle to
making the models of particle physics that can be derived from string theory
more realistic [3, 4]. Recently a simple self-tuning mechanism has been sug-
gested in [5, 6, 7] to at least improve on the cosmological constant problem
(see also [8] for an earlier mechanism involving extra dimensions) where all
order standard model loop contributions are o-set by the parameters ap-
pearing in the solution to the ve dimensional gravity-scalar system. The
authors of [5, 6, 7] showed that one can nd static solutions to the clas-
sical equations of motion for the coupled gravity-scalar system. However,
all the solutions found in [5, 6, 7] (see also [9]) are obtained either by hav-
ing a constant potential for the scalar or by making a simple ansatz. In
[10] some integrable bulk potentials are obtained and a general and exact
solution was obtained for the exponential potential by using a rst order
formalism [11, 12, 13, 14, 15, 16, 17, 18, 19]. Most of these solutions have
naked singularities.
Leaving aside the physical interpretation of the naked sigularity one would
like to understand better these solutions. However the \explicit" solution
given in [10] is not quite explicit and it is given only as an implicit function
of the coordinate r (see below). Even if this is quite enough for numerical
analysis they are not quite suitable for ananlytic calculations. Some solution
[12, 16] are quite explicit and reasonably simple. But these solution are just
invented purposely (to be solvable and simple) and the origin for the scalar
potential is not clear. (The potentials in gauged supergravity are also quite
complicated and the brane world is not yet realized as a BPS or non-BPS
conguration of supersymmetric theory [20, 21, 22] (however see [23] for a
cosine potential).) In this paper we will ll this gap and show that there
does exist a simple and exact solution with the simple exponential scalar
potential. Amazingly the exponent for which we can nd such solution is
exactly the value which comes from string theory as noted in [5].
The organization of this paper is as follows: in Section 2 we present full
details of our exact solution. Here the solution is not obtained by using the
rst order formalism [11, 12, 13, 14, 15, 16, 17, 18, 19] as was done in [10].
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Instead we cast the coupled system of equations into a simple form of (ef-
fectively) two rst order dierential equations, given as eqs. (11) and (12).
From here we found the special value which make the equations solvable by





exactly the potential which was reduced from the compactication of string
theory with a non-vanishing cosmological constant [5] ( a = 4
3
in their nor-
malization, see eq. (1) below). We also show that this solution is self-tuning
[5] when a 3-brane is included. In Section 3 we turn to a more general prob-
lem of nding solutions with horizons. Here the equations can be simplied
as in Section 2 and we also found a rst integration, eq. (49). The equa-
tions obtained have the same structure as the equations without horizons.
By using the same method we found a similar exact solution with ne-tuned
exponent coecient with an integration constant (eq. (50)). Failed to nd
a solution with horizon we prove the non-existence of horizons. The naked
singularities cann’t be resolved by horizons. We comment and conclude in
Section 4.
2 The self-tuning exact solution
Our starting point is the following action for ve-dimensional gravity coupled









(rφ)2 −  eaφ
)
. (1)
Brane sources are not included at this moment but they can be easily added




D − 2 e
aφ GMN , (2)
r2φ− a  eaφ = 0. (3)
In this paper we will rst study solution with Poincare-invariant (D−1)-
dimensional spacetime and we have the following ansatz for the metric:
ds2 = e2A(r) (ηµνdx
µdxν) + dr2, (4)
where the function A depends only on r3.
3We use the mostly positive convention for the metric.
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Substituting this ansatz into eqs. (2)-(3), these equations are given as
follows (setting D = 5):
A00 + 4(A0)2 +

3
eaφ = 0, (5)






eaφ = 0, (6)
φ00 + 4A0φ0 − a  eaφ = 0. (7)
where prime denotes dierentiation with respect to r, and we have assumed
that the scalar eld also depends only on r.









φ00) + 4(A0 +
1
3a
φ0) A0 = 0, (9)
A00 + 4(A0)2 +

3
eaφ = 0, (10)
By doing some simple rescaling and setting φ =
p
6c and a =
√
2c/3, the
above equations are simplied to the following form:
A00 + c (0)2 = 0, (11)
(A00 + 00) + 4(A0 + 0) A0 = 0, (12)
A00 + 4(A0)2 +

3
e2cΦ = 0, (13)
Adding together (11) and (12) gives the following equation
(2A00 + 00) + (2A0 + 0)2 + (c− 1)(0)2 = 0. (14)
Now we observe that for c = 1 the above equation simplies and we can solve
it to obtain
2A0 + 0 =
1
r − r0 , (15)
where r0 is an arbitrary (integration) constant.
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Now we use the above relation in eq. (11) to eliminate A to get the
following equation for  (remember c = 1):
00 − 2 (0)2 + 1
(r − r0)2 = 0. (16)
To solve this equation we rst nd a special solution by trying the ansatz
0 = a1/(r − r0) to get a1 = −1. Setting
0 = ~0 − 1
r − r0 , (17)




~0 − 2 (~0)2 = 0, (18)
which can be easily solved rst by dividing both sides by 0 and then com-





(r − r0)3 + const.. (19)












ln jr − r0j+ ln j(r1 − r0)3 − (r − r0)3j
)
+ A0, (21)
where r0, r1, 0 and A0 are integration constants. Substituting these results










For  > 0 the consistency of the equation ( A00 + 4(A0)2  0) requires
0 < r − r0 < r1 − r0 for r1 > r0 and r1 − r0 < r < 0 for r1 < r0. It is
always possible to set r0 = 0 by using the translation invariance along the
5-th dimension. We also assume r1 > 0 as the other case can be obtained
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from this one by a reflection operation r ! −r. In this case our solution is
interpolating between two naked sigulaities at r = 0 and r = r1.
On the other hand for  < 0 the consistency of the equation requies the




For r1 > 0 this gives two regions: r > r1 and r < 0. For r1 < 0 the two
regions are r > 0 and r < r1. In both cases, the ve dimensional spacetime
consists of two disconnected pieces. Each piece has a naked singularity at
r = r0 and extend to 1.
To get some idea of how the solution looks like, in Fig. 1 we show the
prole of the volume of the 4d spacetime along the fth dimension r. The
height is the relative volume of the 4d space-time which is given by e4A(r) =
jr(1− r3)j. The middle part is the region  > 0. The disconnected left and
right parts are the two regions for  < 0.







Figure 1: The prole of 4d spacetime volume along the 5th dimension.
As one can see from Fig. 1, this solution is not symmetric between the two
naked sigularities. The sigularity ar r = 0 is at weak coupling g = eφ = 0,
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and the sigularity at r = R is at strong coupling g = +1. We will discuss
the possible physical interpretation of this asymmetry in Section 4.
With this exact (bulk) solution in hand one can also study the self-tuning
mechanism of refs. [5, 6, 7] by putting a 3-brane along the 5th dimension, say
at r = 0. As the self-tuning mechanism is not evident here, we will analyse
it here in some details. For deniteness we will consider the case of  < 0.





























ln(r2 − r)− ln((r2 − r)3 −R32)
)
+ 0, (27)
where r1, r2, R1, R2, A1 and A2 are constants and 0 is given by eq. (22).
We take r1 and r2 to be positive and they satisfy the following inequalities:
r1 > R1 and r2 > R2. (R1 and R2 are not necessarily positive and can take
any (real) values.) One can check that these are really solutions to the bulk
equations in their respective valid regions.
The matching conditions are as follows [5]5












(r)jr=0+ = (r)jr=0−  (0), (30)
A(r)jr=0+ = A0(r)jr=0−. (31)
One can always use the last equation to solve A1 and the other constant A2 is
an overall constant. Noticing the particular combinations 2A00 we obtain
4This solution doesn’t confine gravity because A(r) ! +1 as r ! 1. We use it here
just for showing the self-tuning mechanism.
5Please do the rescaling φ ! 32Φ and set a = 43 .
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(0)− 0 = 1
2
(ln r1 − ln(r31 −R31)) =
1
2
(ln r2 − ln(r32 − R32)). (34)
Because of r1,2 > 0, we must have V < 0 and −43 < b < 43 in order to have
solutions. From eq. (34) one can solve R2 in terms of r1,2 and R1 uniquely.
By using eq. (34), Eq. (33) can be simplied as follows:
3 r1
r31 − R31









































< b < 2
3
and taking any value of R1 > 0, as r1 varies from R1 to
+1, the left hand side of the above equation varies from +1 to 0. So for
any value (> 0) of the right hand side, we can nd a value of r1 > 0 which
solves the above equation. This will give a unique solution with r2 and R2
which depend on an arbitrary R1 and the various parameters appearing in
the actio: V , b and . So we have a flat 4 dimensional spacetime which is
self-tuning. Presumably other regions of the parameters will be covered by
dierent choice of pasting the bulk solutions [5].
As a nal note, we point out that we can also get the solution (II) obtained
in [5] by taking the limit  ! 0. Here we must adjust the integration constant
r  R appropriately with  so that one can take the limit smoothly. An
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ln jrj+ ln jR3 − r3j
)
+ A0, (39)
around r = 0 gives the solution (2.37) and (2.38) with the the positive sign
in [5], and an expansion around r = R gives the solution with the minus sign
there.
3 The non-existence of solutions with horizon
It is important to understand better the physical signicance of the singular-
ities in our solution. Nomally these naked singularities would be discarded
as unphysical, but in some instances there are reasons to believe that con-
sidering these singularities may be meaningful [16, 18].
One possible resoluton of these naked singularities is to cover them by
horizons which has been studied in the appendix of [18]. Here we will prove
the non-existence of such solutions with (generic) exponential potential. We
will comment on other interpretation of these singularities in Section 4.
As in Schwarzchild solution in general relativity we make the following
ansatz for the 5 dimensional metric [18]:
ds2 = −e2A0(r)(dt)2 + e2A1(r)((dx1)2 + (dx2)2 + (dx3)2) + e2(A1(r)−A0(r)(dr)2
= e2A1(r)
(






where h(r) = e2A0(r)−2A1(r). Horizon appears at the point where the function
h(r) has a simple zero.
By using this ansatz we obtain the following equations of motion from
eqs. (2)-(3):









eaφ+2(A1−A0) = 0, (41)









eaφ+2(A1−A0) = 0, (42)
A000 + 3A
00












eaφ+2(A1−A0) = 0, (43)
φ00 + 2 φ0 (A00 + A
0
1)− a  eaφ+2(A1−A0) = 0, (44)
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A similar rescaling of the eld φ and some simple algebras can bring the
above equations into the following equivalent form:
A001 + c (
0)2 = 0, (45)
(A001 + 
00) + 2(A01 + 
0) (A00 + A
0
1) = 0, (46)
(A000 −A001) + 2(A00 −A01) (A00 + A01) = 0, (47)









e2cΦ+2(A1−A0) = 0, (48)
Now we can use eq. (46) and eq. (47) to get
A00 − A01 = d (A01 + 0), (49)
where d is an integration constant. By using this relation we can eliminate
A00 from eqs. (45)-(46) to arrive at a similar system of equations as discussed
in the last section. We will not go through the various steps as we did in the
last section, as we have intentionally presented the full details of arriving the
special value and solving the resulting equations there. The nal result is
that if we choose d carefully (a ne tuning) we can actually use the method
in section 2 to obtain an exact solution. We have
d =
2(c− 1)




ln jrj − 1
2
ln
∣∣∣∣r( 4c−1)1 − r( 4c−1)
∣∣∣∣+ 0, (51)
A0(r) = −(c















∣∣∣∣r( 4c−1)1 − r( 4c−1)
∣∣∣∣+ a1. (53)
Note that the above solution is not valid for c = 2, for this will give d = 1
which is not a well dened mathematical operation. In this special case we
have A01 = −0. This kind of ansatz was used in [5] and has been well stuided
there.
With the above special solution in hand one can easily see that there is
no horizon. The function h(r) is given as











which can only have possible zeroes at r = 0 and/or r = r1. These two points
are also the sigularities of the metric (curvature). So it is not a horizon.
Actually one can prove that there is exact solution with horizons. This
proof doesn’t depend on the above special solution. The crucial observation
is eq. (49). Assuming we do have a solution with a horizon at r = rh:
h(r) = e2(A0(r)−A1(r)) = a3((r − rh) + O((r − rh)2)). (55)
Then we have
A00 − A01 =
1/2
r − rh +    , (56)
around r = rh. If we require that rh is dierent from any singularities of







1(rh)(r − rh) +    . (57)





r − rh +    , (58)
but this expansion is in sharp contradiction with eq. (45) (c 6= 0). So we
proved that there is no solution with horizon for the ve dimensional grav-
ity coupled with a scalar with exponential potential. For discussion with a
generic potential with more scalar elds, please see [18].
4 Comment and conclusion
Five dimensional gravity (with or without matters) is an interesting subject
which was resurrected many times. The original Kaluza-Klein idea involes
only 5 dimensions. But non-abelian guage eld require more dimensions.
With the advent of superstring and M theory, one can view the extra dimen-
sions as a dynamical thing: the radia of the extra dimensions could depend
on coupling constant. Recent development with AdS/CFT correspondence
[24] gives a new look at the fth dimension: it is identied with the en-
ergy scale of the 4d eld theory [25, 26] and the Hamiltonia-Jocobi equation
was used to derive the renormalization group flow equations [27, 28] (see
[29, 30, 31, 11, 32] for related works and for example, [33, 34, 35, 36, 37] for
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later developments). In RS scenarios the compactication and the conning
of gravity to 4 dimensions was achived by an exponetial warpped factor and
one has freedom to put 3-branes at some points along the fth dimension by
ne-tuning various parameters [1, 2]. According to [5, 6, 7] these ne-tuning
are not required because the parameters in the solution will adjust them-
selves (a self-tuning mechanism). But here we have a plethora of dierent
solutions and smoe solutions have naked singularities. The puzzle is: what
principle we shoud use to select the right solution?
As we said in the introduction, solutions with singularities cann’t be
simply discarded as unphysical. Some solutions with singulaities have phys-
ical interpretaion in type IIB superstring theory (see [11, 38], for example).
In fact the solution we found in eqs. (20)-(21) was argued as some solution-
independent behaviour [29] and corresponds to deformation to non-conformal
eld theory [39, 32]. We may associate the two naked sigularities to two dif-
ferent eld theories (or put it dierently: the two naked sigularitied are
resolved by two well-dened eld theories). The problem with this interpre-
taion is that it is dicult to think that these two non-conformal eld theories
can be related by a renormalization group flows. The dierent behaviour of
the coupling constants between the two singularities oer a possible way out:
either the 5d gravity description breaks down at one of the singularities or
these two non-conformal eld theories are in fact strong-weak dual pairs. It
is interesting to study the higher embedding of these naked sigularities.
For  > 0 our exact solution has an interesting behaviour: as r varies
from 0 to r1, A(r) (so is e
4A(r)) rst increases, reaches a maximum, and
then decreases, all within a nite interval of r. In the original RS scenario
this behaviour was introduced by hand by introducing 3-brane. Here we
have no 3-branes. We can only attribute this behaviour to the inclusion
of scalar eld. In the AdS/CFT correspondence [24], scalar elds are in-
terpreted as deformations of four dimensional eld theory. The prole of
these scalar elds are just running coupling constants. This correpondence
is valid in the strong coupling. Recent suggestion to extend this correspon-
dence to weak coupling seems in contradiction with our exact solution. A
general programme of Hamiltonian-Jacobi equation/Renormailzation group
flow equation correpondence seems only an approximation.
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